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Abstract . <
—_— .

Two distinct approaches, one based on item~response theory and the

N

other based on observed item responses and standard summary statistics,

have been proposed to identify unusual response patterns. gy A link

between these two approaches is provided by showing certain

correspondences between Sato’s S-P curve Theory and item response

+

theory. This link makes ‘)ossibl,e several extensions of Sato’s caution

index that take agvantage of° the results of item response theory.

3

Several such indices are introduced and their use illustrated by

‘ application to a set of achievement test data. Two of the newly

s ’

introduced éxtended indices were found to be very effective for purposes

of identifying persons who consistently use an erroneous rule in
\ : e

attempting to solve signed-number arithmetic problems. The potential

importance of this result is bpiefl} discussed.

o~




Introduction

Several authdrs have recently shown an interest in using
information krom patterns o{\response to test items to extract
information not contained in the total score. A variety of purposes have
been envisioned for use of the addiqional information. Wright (1977),
for example,. refers ;o identification of "guessing, sleeping, fumbling,
and plodding" (p. 110) from the plots of residual item scores/based on
the diffgrenees between item responses and the expected responses for an
individual based on the Rasch model. Levine and Rubin (1979) discuss
response patterns that are "so atypical... that his or her aptitude test

\

score fails to be a completely appropriate measure" (p. 269). Sato

\
1
!, i

(1975) proposed a "caution" index which is intended to identify studeﬁt%
whose total scores on a test must be treated with caution. Tatsuoka an&
Tatsuoka (1980) and Harnisch and .Linn (1981) have disgussed the
"relationship of resﬁbgse patterns to instfuctional experiences and_the
possible‘use of'item’response.pattern informatipn to help diagnose the
types of errors a student is making. :

Indices of the degree to which an individual’s pattern of responses
.18 unusual are conveniently classifigd into two gébsfaI'types: those
that uée‘item response theory (IRT) to identify unusgual patté;hs and
those that rely only on observed item responses and standard summary
statistics based on éhose responses (e.g. the number or proportion of
people in a noém group answering an item cérrectly). The work of Wright
(1979) and of Levine and Rubin (1979) are examples of approaches based
on IRT while the work of Sato (1975), Tatsuoka and Tatsuoka (1980), and

Harnisch and Linn (1981) are of the latter .type.

5




The primary purpose of.this paper is to ngefop a link be wiﬁn

these two general approaches. More specifically, we will sho 3/ S

correspondence between Sato’s (1975) S~P Curve theory and t response
curves and "group respoese curves" developed from IRT. Also, Sato’s“
// Caution Index defined in the S~P curve theory is generalized into a\
// continuous domai; utilizing IRT. That is, S~P curve the(ry and the—-

Caution Index are o{iginally developed in a discrete dopmain of.O -1
scoring, but thiiagsu?y extends the Eheory to'a more general case of,
probabilities. /

Several different gemeralized versions of the c;ution index are

'presented.‘ Results of applying these indices suggzgt that there are two

categories. One set of indices functions in a man ef similar tf Sato’s

-

e, _ﬂociginal«index._mThewothen_seL.fuJ;tLonsﬁmoreTliké_Iatsnakaﬁand_*”__“,.
Tatsuoka’s Individual Consistency Index in that it successfully
distinguishes examinees who make consistent errors in responding to test
items. g?mﬁf@

- . 4
A r

We first briefly review Sato’s S~P Curve theory. Next, a group

-

response curve. (GRC) is developed for the one parameter logistic model.
_&he GRC is gabed on the dualistic nature of the one pa;amster logist{c
" model which depends og the choice of fixed and random parameters in the
model. wgkzﬁéﬁnbreseﬁi an extended caution index with several special
areas which are applicable toRT. The cases of two and bh;ee paraﬁeter
logistic models are briefly discussed)with special atten;ion given to
problems with person and groupnfesponse curvesrin these models.

Finally, we discuss applications of the new caution indices for the

detectfon of anomalous response patterns.
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xoe  G=P Cﬁrve'Thepry

Sato’s (1975) caution index is applicable to either an item or an

indiviQual examinee. In either form the index is conveniently, obtained
d 1

from an especially arraﬁged table of binary item scores referred to as

-

an "S-P ghble“. The S-P t;ble, the assoctate& 8~P curves and various
indices as the caidtion index are widely used in Japan for diag&osing
stdhqnt performance, detgcting "aberrant response patterns and for
assessing the quality of a test or instructional sequence. 4

The S-P table is a data %atrix in which the students (represented
by rows) ha;g been arranged in descending order of their total test
scores fr?m top fo bottom and the'items (regges%hted by columns) have

been arranged in ascending order of difficulty from left to right. A

hypothetical S-P table is shown in ‘Table 1. The solid stair—sfep line

is called an S-curve @hich is short for Student curve. For each person,

o . \
represented by a given row, a vertical line is drawn to the right of the

ath cell from the left where n is the number of correct answers obtained -

=

by that person. The S-curve is then obptained by connecting the right

edge of the nth cell of each row. The P-curve is drawn in an analogous

? .

fashion by counting down from thequp the number of cells equal to the
number of students who correctly answered the item corresponding to a
given column. The P-curve for the_data in Table 1 is shown by the

»’

dashed line.’

. Insert Table 1 about here

Let Y13 bé the binary response for student (row) i to item (column)

3 of the S-P tgﬁie.} Row and column sums are denoted by yj. and y.4

Ay

respec&ively:g The total number of ones in the S—P table is denoted y,,

‘R N
.

N \‘”' . 7 7
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3
Table 1

A Hypothetical Score Matrix (&ij) and
S- (solid line) and P- (dotted line) Curves

item j

subjéct i

& 3

.
098666555544121

0

098666555544#21
100000000000000

- A
P J
. |

-

_ !
O MO0 00 Q0CO O~ OO0

1
—_ O O -
I

11110“00

01000&00

01000#00

A SO O - OO~ O OO0 O0
b L.

o O e OO =~ O O oo
}
i

1111111100}“10010
_IJ !

A SO NN - O O —

O
- 1 i

o e e e e e e e O - - O

NN OO

Sl gt

14
© 15

131110 9 3 8 6 5 5 4

=79

.527

P

87 .73 57 60 53 .53 40.33.33.27

131110 9 8

8-6 5 5 4




3

and theApfanBrtion of correct responses By Pi,s P.j and ‘P, for the row,

\

N column and entire table respectively. As can be seen*in Table 1, Ehe S~ .
curve is the step function ogive of the mulativ; distribution
function of total scores, yj,, for the 15 students and the'P-curve«is
the corresponding function of‘y_j, the number of right answers for the 10

. "items. .

Insert Table 2 about here

.

H »

If the S~curve is held invariant and all the b's to the left of the
S-curve are changed to 1‘s and all the 1°s to the right of the same
curve to 0’s the result is the S-P table shown in Table 2 is called a
= perfect\?—curve. The entries in Table 2 are denoted ij. Similarly a
perfect P-curve'will be ob;ained and the entries in the new table are

denoted by ij As can be seen, Mi_ = yi. Eﬁf all i which corresponds

s e e e e —
. —— e e e e mm— e

. , to the fact that the S-curve is unchanged as the result of changing the

cell entries from Yij to Mij' The vnlues of the column suis for Tables
1 and 2, 1.e., ¥, and,MPj are not in general equal, however.

Sato (1975) defled a Caution Index for subject 1 by taking the ratﬂs
of two covarianced. The numerator of the ratio is the covariance of
observed row veetor i, (Yij) j=1,¢.e,n and the sum~of-column vector,
(y_j),'j=1,2,...3n and the dénominator is the covariance of the
corresponding scores (assuming S—curve is perfect) (ij), j=l,4¢.,n and
the column=-sum véctdr (y_j), j=l,2,+44,n. More speci;ically, the

- . caution index Cj for the subject 1 is given by

2 l(yij Pi.)(y.3 = P..)

6 =1 -
jzl(ij - P )(y.3 - P..)




Table 2
Perfect S—curve Obtained by Changing l's to the Right

of S-curve to 0 and 0's to the Left to 1..
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and the caution index, Cj, for item j 1is given by

]

(13~ BPO1L - R

Cj=1-

IENMZ M2

L . i 1(M£j "RPOL =R |
. Thg second term oé the caution index for item j is the ratio of two
cpvar%ances: The numerator is the covariance of column vector j, (Yij)
fnd (y¢.)» i=1,...,N and the denominator is the covariance of the vectors

\ %yi.) and (ng), i=1,2...,N. The value of the denomin?tor is considered
as a norm value to‘standardize the numerator.

It can be said that/this ratio in the above caution index is equal
, to the ratio of the tr itional‘Hiscriminating index, rj, total-item

correiation.tq the stdndardized (or ideal in a sense illustrated in

e —— _—Table 2) discriminati,n;izhdex1 rj’, for item j.__That is _ . . o

' covi(yig, ¥i.)

C°Vj(ijz vi.) - Qé(yij) glyi.) = ry

) cov (Mf s Yie) (g COV (Mf s Yi) ry
bt & NASE N 3 .
/ P ) i.)
| J ojﬁ%ij o (yi.) i
R 2 _ P _ -
. It is clear that 2‘(yij - P.j) = 3 041j~ P_j) because the number of

1°s in column j is invariant as can be seen in Tables 1 and 2, so the

number of 1°s in the column vector j, (ijf and (Yij) are the same.
! - ~1

2
3

The .Extended Caution Index in Conjunction With Response Theory

\ Therefore, the two variances O (yij) and Og(Mij) are equal. X

Test and Group Response Curves: One Parameter Logistic Model. .

According to the one parameter logistic model, the item response

»
-~ .

curve may be written =

‘ : ' , 371,2, 0000,
. ‘ ij(e) ~ 1+exp[-D(8-bj)] ‘ 7

9 S 13
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N -

where 8 is the latent ability, bj is the diffichlﬁy of item j and Dis
a constant which is set equal to -1.7 for convenience of comparison to

the normal ogive model (see’Lofd & Novick, 1968, ?.400). In the above
equatio;, bj is fi*ed and 8 is a randoq}variagie. . , '
- Aithough in practice, the nuzber oféikégs, n, is‘a fini;e number,

it ishuseful to consider b as a c:;;inuous variable. By holding 8; fixed

Yj\}and treating b as a continuous variable, the dual function, Sei(b), of

«

the one. parameter logistig function may be de§%ned, .

= 1 1=1,2,.0.,N .
S01(0) = e hte 7 | T o

Of course, the expression ,
. / 4
L] . 1 7 )

’ 1+exp[-D(61-bj)]

may be considered to be a function ofAéiLhef 6 or b. ~ By choice of which
‘variable is fixed, the function may be used to define either the item
résponse curve, ij(g) or’the perfon response curve Sgigb) [see Lumsdeﬁ,_
19?8, Weiss (1977)]. Hence, the variable‘described within the
parenthesis of the function is considered as a random variable and;;he
subscriptyvariable is a‘fixed variaﬁle. ) ' s
s The cug;es ﬁgr the pair of functions, ij(e) and Sgi(b) are
symmetric abgﬁt the~§ertica1 axis at 8 = 6, (or equivalently b = b,)
;rovided 6o = bg. As illustrated in Figdre 1, however, the item

. response curve (IRC) and the person responsé"curve (PRC), intersect at

;- (8 + by)/2 if 6y # by.

«

‘ Insert Figure 1 about hef% .

—




8 or b Scale

Figure I. Person Response Curve (monotomcolly decreasing ) and Item Response Curve
{monotonically increasing ) with the Mean Values of g, and bo 'y Qne Parameter
Logistic.
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3
Addition and subtraction, an inner ‘pryoduct of two functions in the

:;ame fami&y (1.e. in‘gné of the two families {Pbl(e?’ Phacq);...Pbé(e)h
or {Sgl(b);.;.SéN(b)} in this paper), th% norm of a func?ion and the
distance of any two functions in the same family<w1115£; def;ged below.

/ Definition: Addition and subtractioﬁ ?giswé functions g Pbl(e) and

! Pp,(8), or Sg;(b), and Sg,(b) is ;efineﬂ as p;irwise addition or

subtractfon of the two. That is, .

.

sz (®) .

(Sg; * Sg,) (b)E Sg (b) + Sg, (b)

(Ppy * Pp_)(8) FBp (6) %
2 Y v

Definition. An inner pgpduct (or the sum of the cross products)

of the two functions is th%\sum of pairwise productslel(Gi)Pbi(ei)

. o ]
for equivalently Sgl(bj)Sez(bj)]‘or more generally, the integration °

of the product of the two functions with respect to 8 (or b). Thus
' N
: Py (8), Ppy(8)] = £ Py (81)Ph,(64) !
- i=1 .
or, ’ . f gbl(e) sz(e)de
. n
and [Sg,(b), Sgy(b)] = .zl Sgl(bj)ng(bj)
. . ji=
or = / Sg,;(b)Sg,(b)db .
- 1 2 .
4(’? N ‘ '

3
¢ >
'

Definition. The squared norms of functions Py(6) and Sg(b) gre given by the

) A
innéé‘product of themselves. Thus, we have

e IRplI2 = [2y(8), Py()]

}glez(Gi) or ijz(G)dG .
'
llsell2 =/Sg(b), Sg(b)] :

n . ,

—= X 8g(bj) or f SgZ(b)db.

, j::l ’ »
Definition. .fhe squared distance of two functions Pblce) and sz(e)

[or Sgl(b) and Sg,(b)] is the inner product of their dif}é:ence, N

14




’ s
That is - ;
Py, - Ppyl1? =
‘ =\[Pb1(9) - Pp,(8), Pp,(8) -.?bz(e)]
—~ v = 112y 112 + 11Ppyl12 = 2(Py 5 Ph))
and 1S, - Se,l1% = ‘
‘ = [Sel(b) - Sel(b), sel(b) - Sez(b)]
-‘ = 2+- 2 _
o I1Sg; I 11Sg,11 2(391, Sez)
By using the notation of integration, g

11Ph) = Poy|12 = [P (8) - Pyy(8)]%'d6
or |1Sg, - Se,112 =/ [Sg)(b) - Sg,(b)]2 db.

With these definitions, we are ready to introduce the dual concept

"of Test Response Curve (Lord, 1980; Lord and Novick, 1968). This isjthe

)

Group Response Curve as an average function of N different Person
Response Curves. The Test Response Curve (TRC) is an average functibn

,gf n IRC’s defined as ' » T

\\\4

’ n
T(8) = (1/n) 2 Pp,.(8).
: 3=1 "
Similarly, the Group Response Curve (GRC) is an average function of N
PRC’s, that is, b
s N
w (b) = (l/N)iEISgi(b).
Illustrative PRC’s and IRC’s ﬁor'100 hypothetical persons were
L .
generated by randomly sampling 100 values of & from a unit normal

distrtbution. The resulting TRC for the gimulated 100 item test id.

shown~as the monotonically increasing fynction in Figure 2.

Insert Figure 2 about hére
The curve that s a monotonically decreasing function is the PRC of 8 = 0,
. ' ) ! .
denoted by So(by. The curve represented by "+'"s is a Group Response

»




G(b),
T(8)
or

S, (b)

8 or b Scale

Figure 2. _Tést Respondg Curve (...line), Group Response Curve ( - line)
' and Person Résponse Curve (solid line ) of the One Parameter
Logistic Model.

*—A
-
’

——————
R
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Curve which is obtained by taking the pointwise mean of 100 PRC’s over

the randomly generated 100 b values. That is,

1_ 100
) 100 ,2, "6,

As the number of b values approaches infinity, then G(b) in the figure

G(b) =

will be a smooth curve, monotonically decreasing and moreover, if the
number of © values 1s also very large then G(b) will be a symmetric

curve of T(8) about the vertical line of 6'= b = 0. With this figure, 64,
i=1,2,...100" and bj, j=1,2,+.+100 are randomly ;hosen from N(0,1) so
their means are not exactly zero. It can'be shown numerically that T(®)

N

= 1 - 1
and G(b) reach 1/2 at 8 = Too § 91 and b = 165 § bj resp?ctively.

Let us denote the average of T(8y), 1 = l,...,N by T,
N B
T = (l/N)ile(Gi)

and the average of G(bj), j=l,+ee,n by G,

¢ = (1/n) 3 G(by). k\\\/)
) i=1

’ ) N
T = (l/N)IIIT(Gi)

¥

Then T = G, becausé

= (1/nN) ? f {1/1+exp[-D(83-b3) ]}

.

= (1/n) j§1c<bj> -c ~

Dgfinition of Various Extended Caution’Indices

Sato’s (1975) S-curve may be viewed as a discrete test response
curve. The perfect S-curve’dibides 1’s and 0°s into two mutually

exclusive areas.with 1‘s under the curve and O‘s above it. Noée,

17 | :
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however, that direct correspondence in this way involves a reordering of
the subjects from low to high rather than g;om high to low as typically
presented by Sato a?jfas was shown in Table 2. represents the average
probability of correcgly answering items on/the test when a person’s
ability is equal to 8. The analog; between ghg S~curve and a TRC may be
seen by considering an alternative N by n score matrix with real numbers
based on IRT rather than binary scores. More specificaly, let

PMy § = ij(éi)

where éi is an estimated ability parameter, 6, for person i and Bj

estimated item parameter for item j under the condition that

3 py.(8y) = 3
j=1hbj( 1 j=1
- .
Since . ij(ei) = Sei(bg)

\
fﬁ; fixed 1 and j, the cells of the probability matrix (PMij) are also
» Rl
equal to Sgi(ﬁj). If the rows and columns of. this matrix are arranged
.o
in the mannegy of the S-P table and columnwise sums of the cell entries

are obtained, the result is N times G(bj), which corresponds to the P-

curve. Similarly, n times T(8;) corresponding to the S-curve may be

obtained by summing the cell entries for each row.

Selected rows and columns of a probability matrix (PMij) are
illustrated in Table 3 for a 32 item test involy}ng the subtraction of
signed numbers that was administered to a sample of 127 students
(Tatsuoka & Tatsuoka, 1981). Also shown in Table 3 are the values of
the estimated item and ability parameters and the test and group
response curves evaluated at those estimated parameter values (i.e.,

T(6y) and G(bj) respectively).

5

i v
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The 127 x 32 Probability Matrix (PM

14

Table 3

ij)

Signed—-Number Subtraction Problems

for

tem j 3
S#i 1 2 - - 15 16 - 31 32 T(@i) .
1 | .o00 .001 * * * .040 .002 * * * .0l7 .082 .026 | -1.114
2 | .000 .002 + § + .06l .004 - + + .035 .129 .038 | =0.916
3 | .o000 .002 - - - .06l .004 - - - .035 .129 .038 | -0.722
60 | .549 .635 . .783 871 + + + .969 .969 .809 .700 _
\ 61 | .567  .e47 . .789 878 « + -« .970 .970 .816 .710
62 | .568 .648 . .789 .878 - + + .970 .970 .817 714
g8 | .860 .854 « « . .382 .962 + + * .994 .993 968 | 1.222
. . . |
127 |1.000 .1.000 + - +1.000  1.000 - - +1.000  1.060°] 1.000 | *+®
N )
66 | 527  .570 691  .708 .837 1 L343 |
A J A\ ' i‘"
6, ~.467 467 j—.oaa .021 .289 .378 »
ZQ,J Q b N \?; .ﬁ‘rif &
{ K
. %
4 = )
) , X T3
gt }
hY i :
i, é‘& 4 *

re

19
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Insert Table 3 about here

Before introducing the extended caution index, it is useful to
compare the S‘and P curves for the data from,which the estimates in
Table 3 were obtained with their counterparts, i.e., n times T(8y) ané N
times G(bj). The two comparisons S with nT(Ji) and P.with NG(bjy) are
provided in Figures 3 and 4 respectively. The tic marks on the
horizontal axis in Figure 3 indicate the location of the 8’s for the 127
gtudents in the study. The tic parks in Figqfe 4 show the vaiues of bj
for the 32 items. The close correspondence bétween the two pairs of

‘curves is apparent. The number of items and the limited range of values
that Bj assumes for these data obviously limits the evaluation of the

correspondence between the curves in Figure 4, however.

Insert Figures 3 & 4 about here

Given,the parallels between the S—-P curves and the GRC and TRC, the
extension of the caution index for use with the latter curves is

relatively straightforward. There are, however, several natural ways

in which the extension can be made. Possibly the mbst obvious extension
N <
is to simply replace the term (ij - P§,) in the denominator of

equation (1) .by its counterpart fr%y the PMij matrix, i.e.,

3 L [pMyy - T(8p)] = [s5,(81) - T(By)].

¥
w3

-

th the abovehsubstitution, our first extended caution index, Clj, is defined

\

e (y13 = P1,)(y.3 = P,))
\ cly <1 -

3
3
‘§[Séi(6j) - T(8)1(y,§ - 2,)

Tt
‘

-
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The numerator divided by n, i.e., the covariance of (Yij) and (y.j),

can be expanded to the sum of

(1/n) jglyijy'j and =P Py, .
The value of the second term does not depend on a person:s response to
each item but depends on his/her total score. As long as the total

\

¢ score is fixed, the anomaly of response patterns will not be detected'by
this value. This value varies between persons; S0 i; two persons have
the same achievement level 8j, then the judgment regarding the extent
to which each }eéponse pattern deviates from the norm depeﬂds only on
the first term of the numerator. Since the dehominator is a normalized
con;tant for a fixed value, éi, it* is unlikely that a particular
aberrant response pattern prdduced by an individual whose achievement
level is 64 will affect the denominator.

Thus, it is natural to expect that if both the quantities are replaced

by the inner products of the two row vectors (Yij) and (yqd) for*j=1,

2,+0e, 0, the valuef Tof Cly will be affected by the degree of anomaly of
individual respaonse patterns. Moreover, calculation of inner products

is easjer than That of covariances. Let us define four other natural

extentions of the Caution,index as follows.

Definitfon. Four alternative definitions of the extended caution

’ L

. . index for person i are: . n 3 '
Z yijY.j - ' //
c2y = 1 - L ’
3 8§, (by)y,
j=1 81'°3/7.3
n ~ ~
Z ¥135; (by)
€3y = 1 - L= ;
3 6(by)sa
216599585 (by)

(%)

c
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3 GZS )
- Yij 3
CQil—J%l . !
7 355, (b)6(by) ‘
.jglei(j(j) ’
and - 5y =1~ J;l . . . g ;
B jIlyijG(bj) ‘ .

- -

The denominators of the four ind{ces are eonsidered as norﬁalizing Ar
constants but the charaétgristicg of the numerators will be divided into
two categories. The indices in tﬁe first category, C24 and C4j give
me?sur?s that are more group\dep;ndent, because they are the sums of

cross products of the corresponding elements of the observed vector

(yij)‘and the row—-sum total vector (y.j), and Group Response Curve G(bj)

vy
resg;ctively. They measure the relationship of an observed response
pattern for a pérson i to a normed variable derived from the group the
person i belongs to. Thus these indices have a similiar function to the

Norm Conformity Index, NCI, defined in Tatsuoka & Tatsuoka (1980). The

o \ * n R ~ : : - ) B
2 y1386;(bj) . . ‘
remaining indices, bBi and C54, are more individually oriented. That

means the quantities obtained from C3§ and C54 reflect the extent* a

e

— pe;son i‘s responbe pattern (yfj) relates to a theoretically derived PRC
at the fixed level of 6;. Thus, it can be said that the indices C3; and
C5;{ are similar to the Individual Consistency Index (Tatsuoka &
Tatsuoka, 1980). b

These extended caution indices for person i will be easgily altered
. \ L3
to those for item j. N
- 21Y1j yi.

c2y= 1-1 ' ,

N ~
2 Pp.(84) \
2 Bj( 1)Y1.




N ~
3 ¥ij Pby(61) - N
i=1

C3, =1 - —— ’ )
\ ) e
‘ 121PBI(61)I( j)

N N ’ .
3 yi4 T(84) : ..
i=1 ij « i -

5 - = - B
[ I 3p (8)T(8y)
p, i=1 Bj i i
. N he ‘A. . - \
: ' 2yiy Pp.(61)
and 5y = ] - TS i I . , s
k| N @) L . .
b3 T ,
2,71 Tt ‘

Sipilarly, the indices C33 and C5; are potentially useful for detecting

anomalous respqQnse patterﬁs in comparison with item j’s IRC while C2j

and C4j are'poféntially useful indices for purposes of identifying ifems -

of which patterns deviate frqﬁ that of test, TRC. ‘
The Case of Two and Three Parameter Logistic Models

X . -

Problems in Person Response Curves and Grouff Response Curves

Person Response Curves for the one parameter logistic model are

represented by Bmooth monotonically decreasing functions defined over

-

" \the difficulties of the infinitely many items. But RRC for the two
parameter logigtic model is no longer a smooth, monotonically decreasing ’

0

curve. .Figure 5 provides the graph of Person Rgisponse Curve for the
ability levels of 6 =0 as well. as Test Response Curve of the two .
parameter logistic model where ability measures 6y, i=1,2;...,100, were

»

randomly éampled from a‘normai (0,1) distribution, the difficulties bj,

j=i;2,..,,100 were also randomly sampled from a normal (0,1)+

distribution and the item discrimination indices, aj j=1,...,100, were
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. \ M
drawn from the uniform distribution of the interval (0.8, 1). Test
. * A -
Response Curve, Person Response Curves are given by

N

~

n .
T(8) = (l/n)jzlej(G)
and

‘1
1+exp[¥quéo-b)]

.

. Seo(b5 =

for.a fixed 6, and variable b

. Insert Figure 5 about here

. The ‘dotted line (+++) in the figure is the Group Response Curve of a

S RN
hundred subjects. - “Although.each PRC is locally oscillated, especially

< -

around the origin, the GRC (the meén‘éhr;é\of these PRCs) becomes fairly

v

- - -

smooth and almost monotonicaliy decreasing. Since bj, j=1,...100 are

. . \ .
randomly selected from N(0,1), a larger oscillation of PRC around the
mean 0 is expected. But GRC is expected to be smaother as the number of

students and 1:3@3 increase tg a lafger number,

Insert Figure 6 about here

Figure 6 is the gtaph of TRC, GRC, PRC of 8 = 0 for the
three parameter logistiélmodel. The par;meters 9y, bj and aj were
generaged by the same method as that of the two parameter model then
fifty C-values of 0.15, and 50 of 0.20 were randomly assignsﬁ to
. 100 pairs of aj and bj to make the three parameter loéiszié’modél.
It seems that the smoothness of the curve GRC for*three parameter

logistic model is about the same, differing only as expected in terms of
. .

..

the lower'asymptote. A larger number of subjects will be needed for the
three parameter case in order to obtain smoother GRC.
° The definition of the'extended Eaution indices may 'be applied more

generally to the two and three parameter loglistic models in essentially

)

-



6 or b Scale

‘ .
Figure . 5, Test Response Curve (solid line), Group Response Curve ( + + line ) and
Person Response Curve ( jagged line) of Two Parameter Logistic.
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:‘ 8 or b Scale
. Figure 6. Test Response Curve (solid line), Q}oup Response Curve (+ + line) and
Person Response Curve { jagged line) of Three Parameter Logistic. . S
‘
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the same manner as it was develoed for the one parameter model. J’

.

< ~
Note that the arrangement of rows and columns according to the '
orders of the proportion, correats (p values). for n items ff; the total
scores for N subjects is essential to determine S-P curves, and the

values of MP and M%, i=1,2,...,N, j=1,...,0. With our exténded caution

indices, the arrangements of rows and columns in monotonic order of the

brobabiiity are no longer necessary.
X 7

Application of New Indices for the Detection of Anomalous Responses.

There is evidence that™student errors on certain tyﬁés of arithmetic
problems are frequently quite systematic (Brown and Burton, «1978;
Birenbaum ;nd ;;fsuoka, 1980 Davis, McKnight, 1980). That i¢, students
seem to consistently apply erroneous algorithmg in attempting to answer
a probleﬁ‘of a particular form. Sometimes erroneous or incomplete rules
result 'in the right answer: For example, a student who consistently
treats a multiplication sign as if it were an addition sign would get
the right answer to the problem 2 x 2 = 4, but would get it for the

wrong reason. A score of zero for using the wrong operation would bej?/_\

-

better reflection of the student’s ability to multiply than a score of

one for answering "4" to the item. N

Birenbaum and Tatsuoka (1980) have demonstrated,that the customary zero-
one scoring of incorrect and corrent answers can give the appearance of
higher dimensionality and cause difficuléy in atteﬁbting to apply IRT when
students consistently ;pply erroneous rules to the addition an&‘subtractiod -
of signed numbers. The di fficulties result from the fact that several erroneous

rules frequently yield the right answer for some problems. Rigﬁt answers

for the wrong reasons not only cause problems in applying IRT, but more

. .
<X *
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. addition and subtraction problems.

iﬁbortantly they can result in misleading scores and make it difficult to
diagnose what a student is doing wrong.

By painstaking work Tatsuoka and her colleagueé (Birenbaum and
Tatsuoka, 1980; Birenbaum, 1981) were able to identify several erroneous
rules that were consistently applied by certain students. Birenbaum and
Tatsuoka (1980) reanalyzed their data after converting ones to zeroes
for items that students got right for the wrong reasons\. That is, an
item score was changed from one to zero if (1), a student was identified
as consistently gpplying an erroneous rule and (2) application of that
erroneous rule would lead to the correct answer for the particular item
in queltion. Analysis of the resulting modified data indicated that the

data were more néarly unidimensional and there was goeod evidence that

IRT was more applicable to the modified data than to the original data.

[}

Anomalous response patterns can sometimes be found by conducting an

intuitive error analysis or by élin}cal”interviews. Bz;h/approaches
require enormous effort. Brown and Burton (1978) and T&tsuoka et al.

(1980) have d oped cumputerized appfoachés to error analysis. But

~——

‘these method ére expensive and were based on extensive work with highly

specific item content.

Tatsuoka and Tatsuoka (1981) demonstrated an index, called the

. . R N H

individualized consistency index (ICI) which was shown to be useful in
detecting a variety of erroneous rules of opération of signed-number
Using the ICI to detect examinees

a misconception saves considerable effort because

+ ‘
only ‘examinees so identified have their item responses routed tg the

.

who are apt to have

detailed error-diagnostic system. Application of the ICI is limited,

b d o~ '
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»

however, because it requires repeated measures, i.e., several items

/

based on an identical item form, within the test. Such repetition is
-« .
not common on most tests.
As will be seen below, the index similar to ICI, C3y, not only

avoids the repeated measure limitation but is apparently more effective

“for purposes of detecting anomalous response patterns resulting from the

a3
’

consistent aﬁplication of an erroneocus rule. Tatguoka & Tatsuoka
(1981) showed a list of erroneous rules of operation ('bugs") detected
by ICI. The 32 response patterns resulting from these bugs are
classified in Group A. The rest of the 103 respd‘ge patterns are
classified into two groups according to the error-diagnostic systenm, SIGNBUG.
Group B consists of 7 responses which are proba using one or two
erroneous rules inconsistently; Group C, respondihg adequately using the
right rule of operation and/or no indication of sy;tematic errors. The
errors observed in‘Group C are apparently just random errors. The
estimated it:; and person ability paréﬁ;ters neegﬁg to compute the
extended caution indiées were obtained by the computer program GETAB
(Robert Baillie, 1979), using Birenbaum & Tatsuoka’s modified dataset:
Distributions of the indices C24 ahd C3; are displayed in Figures 6
and 7 resﬁectively. Only members of groups A and B (persons who
consistently used an erroneous rule) ang of group C (persons who made a
substantial number of errors but whose errors were not the result of

consistent use of an erroneous rule) are included in the distributions .

shown in Figures 6 and 7. In both figures, persons in group A and B are

* depicted by shaded boxes and those in group C by unshaded boxes.

7 S
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Insert Figures 7 and 8 about here

As can be seen in Figure 6, C2jy does not provide any basis for
distinguishing persons who are consistently using an erroneous rule from .
those who aren’t. . The two groups are distinguished almost perfectly,
however, by the magnitude of C3y (see Figure 7). Inde;d, there is
almost no overlap between the two groups. All 39 members of Groués A and B
have values of Cy of .05 or higher whereas or'lly~ two of the 88 members
of group C have positive values of C3j ;nd the rest of the members of
group C have values of C3; as large as .05. Thus, C3; may be used tdi
identify with a high degree of accuracy those persons who consistentLy
use an erroneous rule.

As might be expected from a comparison oféthe coefficients, C4y
works in a fashion quite similar to C2j, and C5; works much like C3{ in
terms of the abiliy of these indices to distinguish memberEJof groups A,
B and C. It is clear that C2; and C4;j are not-useful for detecting
anomalous response patterns resﬁlting from consistent application of an
erroneous ruie. These indices may be useful for other tasks for which
NCI or Van.de Flier’s index (Harnisch & Linn, 1981) have feen found to -

be useful. The third and fifth indices (C3; and C5j) however, are quite

effective for purposes of detecting persons who make consistent errors.

Insert Table 4 about here

P

Table 4 shows a"summary of t-statistics comparing the means on the
four generalized caution indices and ICI in the two groups: A and B

combined versus C by itself.™ The t-value for index 2 is not significant

”
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The shaded Area Represents the

Members of Group A and B, -- Using Some Erroneous Rules, R=127

Figure 7. Histogram of Index 02i
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Figure 8, llistogram of Index C3i: The Black Aréa Represents the Members

of Group A and the Shaded for Group B —- Using Some Erroneous Rules,

The White Area is for Those Using the Right Rule. N=127
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’ Table 4 i
A Summary of t-statistics Comparing the Means on the
Fm*r Generalized Caution Indices and ICI in the Two Groups
"Indices Group A & B © Group C t-value. P
S 39 88 .
3
Index 2 ifean  ~-.0170° - 590065
S.D.-+  .0929 ©.0306 .68Y .4980
Index 3 Mean .5310 -.2688 - . L
S.DS L2444 .1300  "-19.293  <.00005
Index 4 Mean .0650 -.0045
' s.D. .1237 .0293 -3.466 < .0015
Index 5 Mean .5091 -.2643 "
S.D. .2615 .1350 ~-17.467 <.00005
-
ICI. .Mean .9223 .8144 ~
S.D. .0645° .1058 ° =7.121  <.00005 \
¥ .
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e
but all others are. gignificant. Index 1 is.excluded in the analysis
because the denominator gf this index becomes infinity when all items
are correctly answered b& all examinees. ] ;
s Discussion
As was shown above,ithe caution index' which Sato developed éased
?olely on a comparison of observed item responses to group responses can be

readily extended to theory based estimates of person and group response
& R . . .
{
probabilities. The caution index is a linear transformation of the

covariance of a person’s.response pattern with one or another
theoretical curves computed'using item-response theory. Alternatively,
2

the extended caution indices mé§ be viewed as linear transformations of

s -

the distance bewteen a person’s response pattern and a theoretical curve

(either the person response curve, as in the case of C3j and C5i or the

-

group response curve, as in the case of C4j).

-

Vv

The application of the extended caution indices that were

introduced in this paper provided strong evidence that the indices that

-
=

depend on the distance between a person’s rgspoé;e pattern and their
theoreticgi person ‘regponse curve (i.e., C3i{ and C5;) are-quite
effective for purposes oﬁ identifying bgrsons ;ho consisggPtly“use an
erroneous rule in answering signed-number arithmetic problems. This is
a poFentially important result that deserves further investigation with
other data sets involving different types of achievement test data. If‘
additional research yields similar results, Ehese indi:es may have\

*

considerable i;structionai utility because instruction can be made much

R Y

more specific once it is?determined that a student is comsistently -

making an error as the result of a particular misconception.
. ”

1
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